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plate of y = 0.2, clamping will only reduce the deflection to about
4 that of the same plate simply supported.

Finally, it was found that the torsional rigidity of the edge beams
hasverylittle effect on the deflection of the plate. Thisis particularly
true of beams with high-flexural rigidity.

A system of equations analogous to Egs. (17-19) may be
derived for other loading conditions such as the case of a hydro-
static or uniform load. Most situations arising in practice may
then be solved by superposition. In general, since the solution

presented herein is the Green’s function for this plate system, the -

general expression the plate deflection under any distributed
loading is given by the expression

2n pl a 9
w, = f f q(; ) vopdp db (20)
0 bl
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Introduction

ROBLEMS on determination of thermo-elastic stress and

displacement in thin rods, finite or semi-infinite, under various
mechanical and thermal boundary conditions have been con-
sidered by many authors, Sneddon,! Das,2 Roy Choudhuri.?
Recently moving heat source moving with a constant velocity
along a finite rod has been considered by Roy Choudhuri* (1971).
In this Note, a simple problem of thermal stress and displacement
in a thin finite rod has been considered when the heat sources
continuously distributed over a finite portion of the rod vary with
time according to the ramp-type function, and when one end of
the rod is fixed with the other free, both the ends being kept at zero
temperatures. Laplace transform has been found convenient for
the solution of the problem. It is believed that this particular
problem has not been, so far, considered by any author.

Formulation of the Problem: Governing Equations

We consider a thin elastic rod of length I occupying the region
D:0 < x < I The rod is heated due to heat sources which vary
with time according to the ramp-type function and are distributed
continuously over the length x, < x < x,. The ends of the rod
are kept at zero temperatures. If T = T(x, () is the excess of
temperature over T, the absolute temperature of the rod in a
state of zero stress and strain, then normal stress ¢ = 6(x, t) is
connected with 4 and T by the relation

o = E(0u/ox — aT) 1)
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where E is Young’s modulus, « is the linear coeflicient of thermal
expansion and u = u(x, t) is the displacement at x and at time ¢.
In the absence of body forces, equation of motion becomes

d0/0x = p(0%u/dt?) v

where p = density of the material of the rod. Eliminating ¢ and
u between Egs. (1) and (2), we obtain the wave equations satisfied
by displacement and stress as

8u/ox? = (1/v*)(6%u/ot*) + a(@T/ox) 3)
0%6/0x? = (1/v*)(0%6/0t?) + pa(6>T/0t?) @)
where v = (E/p)? is the velocity of elastic wave propagation.

Initial and Boundary Conditions

We suppose that the system was at rest initially. Thus the initial
conditions are

u=0ufot=0, 6=00/0t=0 for 0<x<l t=0

and T=0for 0<x <L t=0. Also T=0 at both x =0,L
Since one end is kept fixed and the other free,u = Oatx = 0,and
Ouf/ox = 0 at x = L The last condition follows from Eq. (1).
Solution of the Heat-Conduction Equation

Since the heat sources are continuously distributed over
Xy < x < x, and vary with time according to the ramp-type
function, heat conduction equation is

T 10T  Qx0)
ox2 h E 5 T k
= “% {H(x — xo) — Hx — x)}/(1)  (9)

where k = thermal diffusivity, Q = w/pc where w = quantity of
heat generated by the heat sources per unit time and volume,
¢ = specific heat and

flt)y = (fo/to)t for 0<t<t,
=fo for t>=t,

H(x) = Heaviside step function, f, = const. The boundary and
initial conditions for temperature are

TO,t) = T(,t) =0 and T(x,0)=0.

Introducing dimensionless quantities & = x/I, © = kit/I?, ® =
T/T,, Eq. (5) reduces to

(0%6/6&%) — (06/07) = —qoF(x}{H(& — &o) — H(E — &1)} (6)
where g = Qol*/k Ty, &y = xo/l, &3 = x4/l

F(T)=&’t for 0<t<71 (7)

To
= fo for =14

and 1, = kt,/I. Taking Laplace transform of (6), we obtain,

40 _ 4o fo —zop
e P = T rop? (1 — e ™) {H( ~ &) — HE - &)} ®)
with
6(0,p) = 0(l,p) = 0. ®
As a solution of (8) satisfying (9), we assume
0. p) = 3, A,sin(nnd) (10)
n=1

where A, is independent of £ We assume

H( ~ &) — HE — &) = ). B,sin(nnf) an

n=1
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From Egs. (8, 10, and 11), we obtain

A, = (@ofo/toP?)[(1 — e ™P)/(p + n*n*)]B,
Hence,

(1 — e rop)
{eostomo) = costme,)}

8¢.p) = 5

2400 i sin(nng)
nm

To n=1

= Mok 5 T fcostunce) — costoni)
T

To n=1

x (1 - —roP) {i — 1 Il 1 )} (12)
€ p? nznz\p - p + n’n?

Hence temperature distribution is given by

08¢, 1) = 2400 i sin(nml) {cos(nné,) — cos(nné,)}
To n=1 n
X {d)n(T) - ¢n(T - TO)H(T - IO)}
where )

$a1) = (n*n?) {x — (n*2?)(1 — ™"} 13)

Solution of Displacement Equation
Displacement equation (3), in dimensionless form, becomes
2UJOE* = (K2 12)(02U/0t?) + aTo(00/08) (14)
with
U, 0) = 0 = [0U(¢, 0)/or] (15)

where U = U/l and [x] = cm?/sec, [v] = cm/sec. Taking Laplace
transform of Eq. (14) and using Eq. (15), we obtain

d*UJag* — (k*p*v* 1)U = aTy(8/d¢)
From Eq. (12),
a2U  «?p? 2g0fo0Ty &
E ~—zU= —To—— Y cos(nnf)

n=1

(1 — ep)

x {cos(nné,) — cos(nné,)} m

(16)

with the conditions

U=0 at (=0 and dUJde =0 at ¢=1 a7

Solution of Eq. (16) satisfying (17) is

2qoforTy V22 2

U¢,p) = Y. {cos(nno) — cos(nngy)} (1 — e7™7)

To ? n=1
cosh{(x/vl)(1 — &)p} 1
X p? cosh(kp/vl)  (p + n*n®)(p* + n*n*v?%/xc?)

212 w
_ MQ __vxi Z cos(nré) {cos(nnéy) — cos(nnéy)}
0 n=1

!

x (1 —e ™ :
( )PZ(P + n2n2)(p2 + nznzvzlz/’cz)

Inversion

_1|: (1 — e"™P) } K?
P2p + nn?)(p* + nPnto?Pld)
[@a(7) — ¢t — To)H(T — o) — Y1) + Yt — To)H(T — T0)]

where

n’r?v??
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. 1
vale) = L 1[(p + n?n?)(p* + nznzvzlz/Kz):I

Asin[(navl/x)yr — @] g
T (220 + ntnt)  (nPrtlR/K? + n‘n“),

Acos¢ = nuxfvl, Asing =1, ¢ = tan™(vl/nnx)
Also

L_l[cosh{(x/vl)(l - é)p}]
p® cosh(xp/vl)

vl

x[vl 8 & sin{[@@v — 1)/2In¢} . (2v — Dymwl ]
=—~1T—-— sin T

K n? = v — 1) 2K
Hence, by the convolution theorem of Laplace transform,

290 forTo U

U, = = Y. {cos(nnéo) — cos(nngy)}
o n=1
x {6 1) — 1l T — T0H( — 7o)} — w
0

212

x — ¥ cos(nng){cos(nméo) — cos(nnéy)}
K

n=1

x (K2 /n*m*0 ) {d,(r) — dalt — To)H(T — T0) — Yu(7)
+ Yt — 1)H(t — To)} (18)

where

cosh{(/vl)(1 — &)p}
p* cosh(xp/vl)

1nléT) = L“[

1
x
(p + n*n®(p* + nznzvzlz/Kz)]
KA

" vinn(@?Pr?n?/x? + n*n®)

x {T cos ¢ — ;ggl(sin«nnvl/x)r — ¢ + sin qb)}

+ n?ni(n*n? +1n2n21)212/1c2) {T B W(l - ’f)}
8 = sin{[2v — 1)2ng} &
n*n? = (2v — 1) vl
1
" P+ PRIt nt + (2 — 152k Rach)
y {Sin((Zv — Dmlr - (v — 1>vl)

K 2kn’n

+ g7 sin(tan‘ 1 :

2xn*n vin

{2y — 1)111)} 3 4k
1 S sin{[2v — 1)/2]n¢)
2v - 1)?

X
(n“n“ + nZnZUZIZ/KZ) =

y {sin[(mwl/x)t — @] + sinf¢ + ({2v — 1Dawvl)2k)t]

n+2v—1/2
3 sin{(nmvl/x)yt — ¢] + sin[¢p — ((2v — 1>7wl/21c)r]}
n—(2v—1)2
(19)

From Eq. (18) it is evident that (0U/0&) = 0 for ¢ = 1. Also, it can
be shown that x,(0,1) = (k*/n*n*v* 1) {$7) — ¥(7)}. Hence,
U(0,7) = 0. Also U({,0) = 8U(4,0)/6t = 0,0 < & < 1. Thus, the
solution satisfies the boundary and initial conditions. The normal
stress given by
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_ 290 forTy & D

Mo p=1

By Eq. (19), 6 = 0 at ¢ = 1. Hence, the condition of theend ¢ = 1
being stress-free is satisfied. From the expressions of U and ¢ for
T > Tq, it is evident that both U, s remain bounded as t — o0,
which is expected.

Alternate Solution to Heat Conduction Equation

For point impulsive heat source, we have
(9%0/08%) — (00/37) = —qo S(S(E — &),

Taking Laplace transform,

(d*0/dE*) — pf = —qo 0(¢ — &)

o< & <.

We assume
0 =Y A,sin(nnd),
n=1
since
6(0,p) = 61, p) = 0.
Also from

8(& — &) =3 ¢,sin(nrl), ¢, = 2sin(@mnl)
1
Hence substituting, we have
A, = {[2q sin(az™)]/(p + n*z?}, n=1,2,3,...0

Therefore,

B * sin(nné’) sin(mré)'
B, p) = 240 n;_(p )

Hence

o0

0, 7) = 2q0 Z sin(nmé’) Sin(nrcf)e“"z"zf

n=1

In the present problem,

(676/08%) — (00/07) = —qoF(2)0(¢ — &)

Hence
(d?0/dE?) — pB = —qoF(p)d(¢ — &)
Therefore
z . F(p)
0 = 2q, ) sin(mné)sin(nné) ————
a1 (p + n*n?)
where F(p) = Laplace transform of F(z),
F(t) = (fo/tg)r for 0< 1< 14
=T, for ©>14
Therefore
i 2 convolution
(¢, 1) = 2q0 Y. sin(nné)sin(nré’) {e """ F(t)} ( ° )
1 theorem

=2q0Y, sin(nné)sin(nné’)f e M (n)dn
1 o

=55 — *TollS ) = g@{o—ﬂg - i Z x cos(naly) — cos(nny) % {% _ 9G — 7o)
(V]
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)
To e r =T g ro)}

x sm(;mf) {costnny) — cos(nnly)} x {Y,(r) — Yt — 10)H(z — 7o)}

Ifr > 1,

0(c, 7) = 240 i sin(nné)sin(naé’)e """
n 1

{f + }e"z"z”F(n)dn

sin(nré)sin(nné’)

ZquoZ

To 1 n’n?

1
» I:TO - {eAnzn:z(r-m) _ e-—nznzt}

n'rn

This is the result obtained by using convolution theorem when
the heat source is concentrated at ¢ = &'. For continuously
distributed heat sources distributed over &, < & < &, we
integrate the preceding result with respect to &’ between the limits
¢ =& & =&y and get

0, 1) = %g:TfOz]: sin(nmd) {cos(nné,) — cos(nmé,)} nzlnz
1 22
x [10 ~ A —e " ’}:I forz > 14
If t < 7q, F(7) = (fo/To) and
2%]0 ad

Z in(nné)sin(nr’) "‘“‘“I ne"* ™ dy

0(¢, 7)

_ f > sin(nné)sin(nng’) 1 a2
002:: [T_nznZ(l_e )]

For distributed heat saurces, we have by integration,

_ 2ofo & sin(nnd)
TTo

nn

{cos(rnéo) — cos(nmEy)}bul)

n=1

- e"‘z"zf):| and 7 < 1,

'
Hence
e, 7) = 22090 5 SO0 ) — costunz )}
Ty p=1
X {6:) — bt — TH( — 7o)}

where H(z) is Heaviside function.
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